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Non-dipole effects in strong-field photoelectron momentum spectra have been revealed experimen-
tally [C.T.L. Smeenk et al., Phys. Rev. Lett. 106, 193002 (2011); A. Ludwig et al., Phys. Rev. Lett.
113, 243001 (2014)]. For certain laser parameters and photoelectron momenta the spectra were
found to be shifted against the laser propagation direction whereas one would naively assume that
the radiation pressure due to the v×B-force pushes electrons always in propagation direction. Only
the interplay between Lorentz and Coulomb force may give rise to such counterintuitive dynamics.
In this work, we calculate the momentum-dependent shift in and against the propagation direction
by extending the quantum trajectory-based Coulomb-corrected strong-field approximation beyond
the dipole approximation. A semi-analytical treatment where both magnetic and Coulomb force are
treated perturbatively but simultaneously reproduces the results from the full numerical solution of
the equations of motion.
I. INTRODUCTION
The dipole approximation is frequently applied in
strong-field physics when the laser wavelength λ is much
larger than the electron excursion, or the electron veloc-
ity is much smaller than the speed of light c. Both condi-
tions lead to A0/c  1 where A0 is the vector potential
amplitude. For instance, for λ = 3.4µm and a laser inten-
sity 6× 1013 W/cm2 (the parameters used below) one has
A0/c ' 0.02 and one would think that non-dipole effects
are hardly observable. Nevertheless recent experiments
[1, 2] have shown them. As for linear polarization photo-
electron momentum spectra for isolated atoms calculated
in dipole approximation have azimuthal symmetry about
the laser polarization axis, any deviation from that sym-
metry is a signature of non-dipole effects. Those could
be due to an inhomogeneous electric field, which we do
not consider here, or due to the v × B force, i.e., the
radiation pressure or ponderomotive force [3], in which
we are interested in this work. The radiation pressure
is expected to break the symmetry with respect to the
propagation direction, say, ey, i.e., the spectrum is not
symmetric anymore under the reflection py → −py. It
has been found that such asymmetries are caused by the
photon momentum partitioning between electron and ion
[4, 5], or classically speaking, by the momentum trans-
fer due to the magnetic component of the Lorentz force.
A relativistic calculation based on the time-dependent
Dirac equation was carried out in [6], confirming these
findings. A non-dipole strong-field approximation using
the exact non-dipole Volkov solution for the Schro¨dinger
equation was developed in [7], predicting the action of
the radiation pressure and including Coulomb effects via
rescattering. The experimental results presented in [2]
show that for certain laser intensities and electron mo-
menta the photoelectron spectra are counterintuitively
shifted against the laser propagation direction, which is
also seen in the results of [1]. More detailed studies using
numerical solutions of the time-dependent Schro¨dinger
equation (TDSE) and classical trajectories [8] demon-
strate that the so-called “long trajectories” (which pass
the ion at least once before reaching the detector) may
be pushed against the propagation direction while “short
trajectories” (moving directly to the detector) are pushed
in propagation direction.
In this article, we extend our previously introduced
quantum trajectory-based Coulomb-corrected strong-
field approximation (TCSFA) [9–13] to calculate the
counterintuitive momentum shifts of photoelectrons. To
that end the magnetic v×B force is added to the equa-
tions of motion (EOM) for the trajectories from the “tun-
nel exit” to the detector. We show that a semi-analytical,
perturbative solution of the EOM taking both Coulomb
and magnetic force into account is sufficient to reproduce
the momentum shifts.
II. NON-DIPOLE QUANTUM TRAJECTORIES
The TCSFA is based on the strong-field approximation
(SFA) in saddle-point approximation (see, e.g., [14, 15])
where the photoelectron spectrum is calculated as a sum
over saddle-points, each of which can be associated with
a quantum trajectory in complex space and time. In
plain SFA, the Coulomb potential is neglected after ion-
ization has occurred at complex time ts according to the
saddle-point equation (15), discussed below. Within the
TCSFA, the trajectories are corrected by propagation ac-
cording to Newton’s EOM, including the Coulomb force.
The individual contributions from each saddle point s are
calculated as
Mp(ts) = fΨ0e−iSp,Ip (ts)/~. (1)
Here, fΨ0 is a pre-exponential factor depending on the
initial electronic state Ψ0 (see, e.g., [14]), and Sp,Ip(t)
is the action integral defined in Eq. (14) below. The
photoelectron momentum spectrum then is the modulus
square of the coherent sum of these contributions,
|Mp|2 =
∣∣∣∣∣∑
s
Mp(ts)
∣∣∣∣∣
2
, (2)
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2allowing for interference effects.
Our procedure to include non-dipole effects consists
of two parts. The first part is to choose a position-
dependent vector potential that describes a linearly po-
larized laser pulse, for instance
A(r, t) = A0ez sin2(Φ) sin(φ) (3)
for 0 < Φ < pi and zero otherwise, with
Φ = Ωt−Ky, φ = ωt− ky + ϕ. (4)
The polarization direction is ez, and the propagation di-
rection is ey. The envelope frequency reads Ω = ω/(2nc)
with nc the number of laser cycles in the pulse, the en-
velope wave vector is accordingly K = k/(2nc) with
k = eyω/c. The corresponding electric and magnetic
fields read
E(r, t) = − ∂
∂t
A(r, t) (5)
= −A0ωez sin(Φ)
(
1
nc
cos(Φ) sin(φ) + sin(Φ) cos(φ)
)
B(r, t) =∇×A(r, t) = 1
c
(E(r, t) · ez)ex.
The carrier-envelope phase ϕ is set to 0 in the following.
The second part in our procedure is the modification
of the trajectory propagation. The EOM
d
dtr = v ,
d
dtp = F (6)
keep their form but the relation between the velocity v
and the kinetic momentum p reads
p = γmev (7)
now, where me is the rest mass of the electron, and
γ = 1√
1− v2c2
=
√
1 + p
2
m2ec
2 (8)
is the Lorentz factor. The energy reads
E = γmec2 =
√
p2c2 +m2ec4, (9)
and the EOM
d
dtr =
p
me
√
1 + p2m2ec2
(10)
d
dtp = −e
E + p
me
√
1 + p2m2ec2
×B
−∇V (r) (11)
where e is the absolute value of the electron charge and
V (r) = − eZ√
r2(t)
(12)
is the Coulomb force (retardation effects being ne-
glected). The magnetic v ×B term in the Lorentz force
FL = −e(E+v×B) is of orderO( vc ) because |B| = 1c |E|.
True relativistic effects are of order O( v2c2 ), for instance
in the kinetic energy
E −mec2 = p
2
2me
+O
(
v2
c2
)
. (13)
We restrict ourselves to non-dipole effects of order O( vc )
as the plain SFA underlying the TCSFA is based on the
TDSE and not the Dirac equation. An extension into
the relativistic regime should be possible though since a
relativistic SFA using the original Volkov solutions [16]
has been developed early on [17].
The quantum trajectories in the saddle-point SFA and
TCSFA carry a phase, allowing them to interfere when
added up coherently according (1). In the TCSFA this
phase is the Coulomb-corrected plain-SFA action [9–13]
Sp,Ip(ts) =
∫ ∞
ts
dt
(
p2(t)
2me
+ V (r) + Ip
)
(14)
where Ip is the ionization potential and, as stated above,
relativistic corrections of order O( v2c2 ) are neglected.
The saddle-point (or ionization) times ts are deter-
mined by the plain-SFA saddle-point equation [14, 15]
[pdrift + eA(ts)]2 = −2Ip (15)
where the position dependence of the vector potential
has been dropped, i.e., A(ts) = A(y = 0, ts). As pdrift
is real and Ip > 0, the solutions ts are complex. Details
are discussed in, e.g., [9, 11]. The propagation may be
split into a sub-barrier part from ts to Re ts (which may
be identified with the tunneling step) and the motion
from the “tunnel exit” at Re ts to the detector at t →
∞ . We restrict ourselves to corrections to the latter
part of the quantum trajectories, which turns out to be
sufficient to understand the observed non-dipole drifts in
and against the propagation direction of the laser pulse
on a qualitative level. The initial conditions for the real
time propagation from Re ts to T with A(r, T ) = 0 are
chosen
p(Re ts) = pdrift + eA(Re ts), (16)
r(Re ts) = α(Re ts)− Reα(ts) (17)
with the elongation
α(t) = e
me
∫ t
dt′A(t′) . (18)
Equation (17) ensures that time and position are purely
real at the tunnel exit; we note in passing though that
the choice for the initial condition of r(t) should be dif-
ferent if the sub-barrier part of the ionization dynamics
needs also to be Coulomb-corrected [9, 18, 19], as it is the
case for the derivation of quantitatively correct ionization
3rates employing matching to the ground state wavefunc-
tion [20, 21]. Further, within the TCSFA the problem of
branch cuts [19, 22, 23] in the complex-time plane due
to the square-root in the denominator in (12) is avoided
by considering only the Coulomb correction to the purely
real trajectories (17) beyond the tunnel exit.
Whereas in dipole approximation it is sufficient to set
T to the pulse duration Tp = 2pi/Ω, here one needs to
ensure that for all propagated trajectories the laser pulse
has passed r(T ) . However, since the laser pulse travels
with c but the final velocities of the electrons are much
smaller, it is more than sufficient to choose, e.g., T =
2Tp . As we ignore relativistic O( v
2
c2 ) effects, once A = 0
the further propagation in the Coulomb potential alone
can be carried out analytically using Kepler’s laws.
For brevity atomic units (~ = me = e = 4piε0 = 1) are
used from here on unless noted otherwise.
III. SPECTRA
Using the method just introduced, we calculated pho-
toelectron spectra for some of the parameters of Ref. [2].
The target is a xenon atom with ionization potential
Ip = 0.447 being irradiated by a six-cycle sin2-shaped
laser pulse with an intensity of I = 6 × 1013 W/cm2 and
a wavelength of λ = 3.4µm. N = 6 × 107 trajecto-
ries were propagated to generate the momentum-resolved
spectrum shown in Fig. 1.
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Figure 1. Momentum-resolved photoelectron spectrum |Mp|2,
Eq. (2), for xenon (Ip = 0.447) irradiated with a six-cycle
sin2-shaped laser pulse of intensity I = 6× 1013 W/cm2 , wave-
length λ = 3.4µm . The momentum pz is in polarization
direction, py in propagation direction of the laser pulse.
Since the non-dipole effects are expectedly small, we
show a close-up view of the central part of Fig. 1 in Fig. 2.
Asymmetries under reflection in polarization direction
pz → −pz arise already in dipole approximation for short
pulses whereas there is strict azimuthal symmetry about
the polarization axis. Instead, Fig. 2 reveals a clear
asymmetry with respect to the propagation direction ey,
which is a clear non-dipole effect. The shift is easily
notable, for example, from the semiclassical caustics ap-
pearing at pz ' −0.55 and pz ' 0.5, the so-called low-
energy structures (LES) [24–26]. These are significantly
shifted against propagation direction.
To visualize the total offset of the spectrum it is useful
to integrate over pz which yields a projection onto the
−0.6 −0.4 −0.2 0 0.2 0.4 0.6
pz (a.u.)
−0.1
0
0.1
p
y
(a
.u
.)
10−1
100
101
p
y
(a
.u
.)
Figure 2. Same as Fig. 1 but for a smaller momentum range
and calculated with higher resolution.
py-axis [2]. This is shown in Fig. 3. We clearly observe a
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Figure 3. Same parameters as in Fig. 1 and 2 but integrated
over pz.
small shift of the integrated spectrum in negative prop-
agation direction. The magnitude of that shift is on the
same order as the experimental one shown in [2].
The shift of the spectrum can be understood by ana-
lyzing the difference between the corrected and the cor-
responding plain-SFA trajectories. In [5, 8] it was shown
that the short trajectories are shifted in positive propa-
gation direction, as intuitively expected from radiation
pressure, whereas long trajectories are shifted against
propagation direction. This behavior is shown in detail
in Fig. 4 where the shift py,final − py,drift is plotted vs
the initial drift momentum. In the plain SFA the final
momentum pfinal is equal to the initial drift momentum
pdrift so that we can infer directly from Fig. 4 for each
plain-SFA trajectory in which direction it is shifted due
to Coulomb and non-dipole effects. The main panel in
Fig. 4 shows shifts for the long trajectories. The cen-
tral region for |pz,drift| < 0.5 is dominated by chaotic
behavior. This can be attributed to trajectories exhibit-
ing multiple interactions with the ion, which are not of
interest here. On the axis py,drift = 0 the shift is nega-
tive (neglecting the central, chaotic region) for the pz,drift
range shown. Only for negative py,drift positive shifts are
visible. For larger |pz,drift| the shift is also positive (not
shown), as observed in the experiment. The demarcation
line of zero shift is displaced to negative drift momenta
py,drift, the magnitude of the displacement is on the same
order as the shift of the total spectrum. The inset shows
only the short trajectories. These mainly exhibit a posi-
tive shift which increases with larger momentum |pz,drift|
in polarization direction. The negative shift in the upper
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Figure 4. Difference between initial drift momentum (equal
to the final momentum in plain SFA) and final momentum,
plotted in the plane of the initial drift momentum. Blue color
indicates a shift in propagation direction, red against propa-
gation direction. Chaotic behavior is seen in the central part
which can be attributed to multiple returns happening only
for small drift momenta. The main panel refers to long tra-
jectories, the inset to short trajectories. The color scale for
the inset spans only one twentieth of that in the main panel.
The missing parts (white vertical lines) for small pz,drift cor-
respond to bound trajectories which never reach the detector.
central region is due to the Coulomb attraction, which
reduces the total momentum. Note that the color scale
for the inset is only one twentieth of that for the main
panel so that compared to the long trajectories the shift
of the short trajectories is negligible. Accordingly we fo-
cus in the following on the long trajectories and whether
their behavior can be described analytically.
IV. SFA-BASED ANALYTICAL MODEL
In the above simulations both magnetic-field and
Coulomb effects are incorporated. Neither Coulomb ef-
fects alone nor non-dipole effects alone can explain the
counterintuitive shift against the laser propagation di-
rection. We build our analytical model on the assump-
tion that both Coulomb and magnetic forces on the un-
perturbed SFA trajectory are perturbative. The un-
perturbed SFA trajectory in dipole approximation (in-
dicated by a subscript 0) is given by
v0(t) = pdrift +A(t), (19)
r0(t) = pdrift (t− ts) +
∫ t
ts
dt′A(t′) + rinitial. (20)
Using the same initial conditions at time Re ts as above
we can write the total momentum shift due to the mag-
netic component of the Lorentz force in lowest order as
∆pLy (t) = −
∫ t
Re ts
dt′ [v0(t′)×B(t′)] · ey (21)
where B(t) = B(y = 0, t). Using B(t) = ex 1cEz(t) ,
E(t) = −∂A(t)/∂t, and the unperturbed trajectory v0(t)
from (19) this yields
∆pLy (t) =
1
c
∫ t
Re ts
dt′ (pz,drift +Az(t′))
(
d
dt′Az(t
′)
)
= 1
c
[
pz,driftAz(t′) +
1
2A
2
z(t′)
]t
Re ts
(22)
with Az(t) = Az(y = 0, t). For t→∞ both terms vanish
due to A(t → ∞) = 0 so that the total shift ∆pLy,total =
∆pLy (t→∞) reads
∆pLy,total = −
1
c
[
pz,driftAz(Re ts) +
1
2A
2
z(Re ts)
]
. (23)
Having calculated the momentum shift due to the mag-
netic field, we can include approximately the influence
of the Coulomb potential. The main difference between
short and long trajectories in the plain SFA is that long
trajectories pass the ion (at least) once before reaching
the detector whereas short trajectories do not. It is this
flyby that causes the differences in the shifts as seen in
Fig. 4. Assuming a sufficiently fast flyby, the correspond-
ing trajectory rf (t) can be approximated as
rf (t) = yfey + pz,f (t− tf )ez (24)
where tf is the flyby time defined by
r0(tf ) · ez = 0 , (25)
yf is the distance in propagation direction at flyby and
pz,f = p0(tf ) · ez is the respective momentum in polar-
ization direction. To evaluate the momentum shift we in-
tegrate over the Coulomb force FC(r) = −∇V (r) along
the flyby trajectory rf (t),
∆pC,flybyy = −
∫ tf+∆t
tf−∆t
dt yf(
y2f + p2z,f (t− tf )2
)3/2 . (26)
This integral can be solved analytically,
∆pC,flybyy = −
t− tf
yf
√
y2f + p2z,f (t− tf )2
∣∣∣∣∣∣
tf+∆t
tf−∆t
= − 2∆t
yf
√
y2f + p2z,f∆t2
. (27)
For p2z,f∆t2  y2f we obtain the simple result
∆pC,flybyy = −
2
yf
√
p2z,f
. (28)
One contribution to yf is r0(tf )·ey from the unperturbed
trajectory. However, to account for both Lorentz and
5Coulomb force we need to add the spatial shift induced
by ∆pLy (t) so that yf = r0(tf ) · ey + ∆yL(tf ) with
∆yL(t) =
∫ t
Re ts
dt′∆pLy (t′) (29)
=
[
pz,drift
c
α(t′) + 12cα
(2)(t′) + ∆pLy,total t′
]t
Re ts
(30)
where we defined
α(t) =
∫ t
dt′Az(t′) , α(2)(t) =
∫ t
dt′A2z(t′) . (31)
For the sin2-shaped laser pulse used above this can be
evaluated analytically. Solely the flyby time tf needs
to be calculated numerically due to the transcendental
nature of (25).
The reduction of the total momentum due to the long-
range Coulomb potential can be approximated by a sim-
ple estimate. Assuming that only the kinetic energy is
affected without any influence on the direction we can
write the final kinetic energy as the initial kinetic (drift)
energy plus the (negative) potential energy at the tunnel
exit, which yields
|pfin| =
√
p2drift + 2V (r(Re ts)) . (32)
This amounts to a change in the momentum in propaga-
tion direction of
∆pC,long-rangey =
(√
p2drift + 2V (r(Re ts))√
p2drift
− 1
)
py,drift .
(33)
Using the equations derived above we can calculate the
momentum shift in propagation direction predicted from
our simple model as
∆ptotaly = ∆pLy,total + ∆pC,flybyy + ∆pC,long-rangey . (34)
For the numerical evaluation we use the same momen-
tum grid as in Fig. 4 and calculate the most probable
ionization time ts corresponding to a long trajectory for
every momentum pdrift on the grid from the saddle-point
equation (15). Then we find the first flyby time tf from
(25) and evaluate the respective shift ∆ptotaly . The result
is shown in Fig. 5.
For sufficiently high momenta in polarization direction
the demarcation line in Fig. 4 between positive and neg-
ative shifts is reproduced very well by our perturbative,
semi-analytical model. The inset shows the momentum
shift for short trajectories where ∆pC,flybyy = 0 . The esti-
mate for ∆pC,long-rangey allows to qualitatively reproduce
the structure seen in the inset of Fig. 4. Without that
term only ∆pLy,total remains, which shows the same be-
havior for all py,drift, i.e., the same as for py,drift = 0 .
Instead, for the long trajectories the term ∆pC,long-rangey
is negligible.
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Figure 5. Same as Fig. 4, but calculated from Eq. (34) instead
of a full numerical solution of the EOM. The main panel shows
the shift for long trajectories (assuming one flyby). Trajecto-
ries with too small positive pz,drift do not complete their flyby
during the pulse and are not considered (white area). The in-
set shows the momentum shift ∆pLy,total from (23) for short
trajectories (no flyby). The color scale for the inset spans
only one twentieth of that in the main panel.
V. CONCLUSIONS
We extended our trajectory-based Coulomb-corrected
strong-field approximation for the inclusion of non-dipole
effects. In particular, we analyzed the counterintuitive
shift of final photoelectron momenta against propaga-
tion direction in terms of quantum trajectories originat-
ing from a non-dipole and Coulomb-corrected strong-field
approximation. The full numerical solution of the equa-
tions of motion including both magnetic and Coulomb
force from the tunnel exit on reproduces the experi-
mentally observed shifts in and against the propaga-
tion direction of the laser pulse, depending on the pho-
toelectron momentum. These shifts are also obtained
within a simplified semi-analytical model where first the
shift in propagation direction due to the magnetic field
is calculated perturbatively, followed by a perturbative
Coulomb correction to the long trajectories when they
encounter the parent ion during flyby. In this way, we
confirm that the mechanism which shifts the photoelec-
tron spectra against propagation direction is the combi-
nation of radiation pressure and a subsequent soft recolli-
sion. Our results show that non-dipole effects can be eas-
ily incorporated into trajectory-based methods, which—
complementary to the brute-force numerical solution of
the time-dependent Schro¨dinger equation—allow for in-
tuitive interpretations and thus lead to better under-
standing of the underlying physical mechanisms.
ACKNOWLEDGMENT
The authors acknowledge support through the
SFB 652 and project BA 2190/8 of the German Science
Foundation (DFG).
6[1] C. T. L. Smeenk, L. Arissian, B. Zhou, A. Mysyrowicz,
D. M. Villeneuve, A. Staudte, and P. B. Corkum, Phys.
Rev. Lett. 106, 193002 (2011).
[2] A. Ludwig, J. Maurer, B. W. Mayer, C. R. Phillips,
L. Gallmann, and U. Keller, Phys. Rev. Lett. 113,
243001 (2014).
[3] P. Mulser and D. Bauer, High Power Laser-Matter In-
teraction, Springer Tracts in Modern Physics, Vol. 238
(Springer-Verlag Berlin Heidelberg, 2010).
[4] A. S. Titi and G. W. F. Drake, Phys. Rev. A 85, 041404
(2012).
[5] J. Liu, Q. Z. Xia, J. F. Tao, and L. B. Fu, Phys. Rev. A
87, 041403 (2013).
[6] I. A. Ivanov, Phys. Rev. A 91, 043410 (2015).
[7] P.-L. He, D. Lao, and F. He, Phys. Rev. Lett. 118,
163203 (2017).
[8] S. Chelkowski, A. D. Bandrauk, and P. B. Corkum, Phys.
Rev. A 92, 051401 (2015).
[9] S. Popruzhenko and D. Bauer, Journal of Modern Optics
55, 2573 (2008).
[10] S. V. Popruzhenko, G. G. Paulus, and D. Bauer, Phys.
Rev. A 77, 053409 (2008).
[11] T.-M. Yan, S. V. Popruzhenko, M. J. J. Vrakking, and
D. Bauer, Phys. Rev. Lett. 105, 253002 (2010).
[12] T.-M. Yan, S. Popruzhenko, and D. Bauer, in Progress in
Ultrafast Intense Laser Science, Springer Series in Chem-
ical Physics, Vol. 104, edited by K. Yamanouchi and
K. Midorikawa (Springer Berlin Heidelberg, 2013) pp.
1–16.
[13] T. Keil and D. Bauer, Journal of Physics B: Atomic,
Molecular and Optical Physics 47, 124029 (2014).
[14] D. B. Milosˇevic´, G. G. Paulus, D. Bauer, and W. Becker,
Journal of Physics B: Atomic, Molecular and Optical
Physics 39, R203 (2006).
[15] S. V. Popruzhenko, Journal of Physics B: Atomic, Molec-
ular and Optical Physics 47, 204001 (2014).
[16] D. M. Wolkow, Zeitschrift fu¨r Physik 94, 250 (1935).
[17] H. R. Reiss, Phys. Rev. A 42, 1476 (1990).
[18] L. Torlina and O. Smirnova, Phys. Rev. A 86, 043408
(2012).
[19] E. Pisanty and M. Ivanov, Phys. Rev. A 93, 043408
(2016).
[20] V. S. Popov, Physics-Uspekhi 47, 855 (2004).
[21] S. V. Popruzhenko, V. D. Mur, V. S. Popov, and
D. Bauer, Phys. Rev. Lett. 101, 193003 (2008).
[22] S. Popruzhenko, Journal of Experimental and Theoreti-
cal Physics 118, 580 (2014).
[23] T. Keil, S. V. Popruzhenko, and D. Bauer, Phys. Rev.
Lett. 117, 243003 (2016).
[24] A. Ka¨stner, U. Saalmann, and J. M. Rost, Phys. Rev.
Lett. 108, 033201 (2012).
[25] M. Mo¨ller, F. Meyer, A. M. Sayler, G. G. Paulus, M. F.
Kling, B. E. Schmidt, W. Becker, and D. B. Milosˇevic´,
Phys. Rev. A 90, 023412 (2014).
[26] K. Zhang, Y. H. Lai, E. Diesen, B. E. Schmidt, C. I.
Blaga, J. Xu, T. T. Gorman, F. Le´gare´, U. Saalmann,
P. Agostini, J. M. Rost, and L. F. DiMauro, Phys. Rev.
A 93, 021403(R) (2016).
